Demazure construction for Z^n-graded Krull domains by Arai, Yusuke et al.
ar
X
iv
:1
80
2.
09
69
3v
3 
 [m
ath
.A
C]
  7
 Ju
l 2
01
8
DEMAZURE CONSTRUCTION
FOR Zn-GRADED KRULL DOMAINS
YUSUKE ARAI, AYAKA ECHIZENYA AND KAZUHIKO KURANO
Dedicated to Professor Kei-ichi Watanabe on the occasion of his 74th birthday.
Abstract. For a Mori dream space X , the Cox ring Cox(X) is a Noetherian Zn-
graded normal domain for some n > 0. Let C(Cox(X)) be the cone (in Rn) which
is spanned by the vectors a ∈ Zn such that Cox(X)a 6= 0. Then C(Cox(X))
is decomposed into a union of chambers. Berchtold and Hausen [2] proved the
existence of such decompositions for affine integral domains over an algebraically
closed field. We shall give an elementary algebraic proof to this result in the case
where the homogeneous component of degree 0 is a field.
Using such decompositions, we develop the Demazure construction for Zn-
graded Krull domains. That is, under an assumption, we show that a Zn-graded
Krull domain is isomorphic to the multi-section ring R(X ;D1, . . . , Dn) for certain
normal projective variety X and Q-divisors D1, . . . , Dn on X .
1. Introduction
Let A = ⊕m≥0Am be a Noetherian normal graded domain over a field k = A0.
Then, by the Demazure construction [4], [5], [17], [19] 1, there exists a normal pro-
jective variety X over k and a Q-divisor D such that dD is an ample Cartier divisor
on X for some d > 0, and A is isomorphic to⊕
r≥0
H0(X,OX(rD))
as a graded ring. When X = Spec(k), we think that 0 is the unique Q-divisor, and
it is an ample Cartier divisor.
One of our aims in this paper is to develop the Demazure construction for Zn-
graded Krull domains (Theorem 8.6 and 8.9). For a normal projective variety X
and Q-divisors D1, . . . , Dn, we put
R(X ;D1, . . . , Dn) =
⊕
r1,...,rn∈Z
H0(X,OX(
n∑
i=1
riDi)).
It has a Zn-graded ring structure, and is called the multi-section ring with respect
to X and D1, . . . , Dn. Under an assumption, we show that a Z
n-graded Krull
domain is isomorphic to the multi-section ring R(X ;D1, . . . , Dn) for certain normal
projective variety X and Q-divisors D1, . . . , Dn on X . In the case of Z
n-graded
2010 Mathematics Subject Classification: 13A02, 14E99.
1Some people call it the Dolgachev-Pinkham-Demazure construction.
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affine integral domain over an algebraically closed field of characteristic 0, Altmann
and Hausen developed another generalization of the Demazure construction using
proper polyhedral divisors in Theorem 3.4 in [1]. In their construction, the given
ring itself is not equal to a multi-section ring. However, using proper polyhedral
divisors, they patch together multi-section rings to obtain the given ring.
Even if D1, . . . , Dn are ample Cartier divisors, R(X ;D1, . . . , Dn) is not necessary
a Noetherian ring. We remark that R(X ;D1, . . . , Dn) is a Noetherin ring if and only
if it is finitely generated over R(X ;D1, . . . , Dn)0 as a ring.
Finite generation of R(X ;D1, . . . , Dn) is deeply related to birational geome-
try. Let X be a normal Q-factorial projective variety over a field k, and assume
that D1, . . . , Dn are free bases of the divisor class group Cl(X). Then the ring
R(X ;D1, . . . , Dn) is called the Cox ring of X , and denoted by Cox(X). We say
that X is a MDS (Mori dream space) if Cox(X) is Noetherian [8]. Finite generation
of Cox rings is a very important problem both in algebraic geometry and in com-
mutative ring theory. Let X be a blow-up of P2C at finite closed points p1, . . . , ps.
Nagata [15] proved that Cox(X) is the invariant subring of a polynomial ring over
C with some linear action under some weak assumption. It is known that Cox(X)
is not finitely generated if s ≥ 9 and points p1, . . . , ps are very general. Therefore
it gives a counterexample to Hilbert’s 14th problem.
For a MDS X , consider the Zn-graded ring Cox(X). We define the cone
C(Cox(X)) =
∑
a∈Zn, Cox(X)a 6=0
R≥0a ⊂ Rn.
The cone C(Cox(X)) is divided into some chambers and each chamber corresponds
to a projective variety which is birational to X (cf. Hu-Keel [8], Okawa [16], Laface-
Velasco [13]). In order to define a chamber, Laface-Velasco studied the ideal gener-
ated by elements with degree in a given ray, i.e., for a ∈ Zn,
Ja(Cox(X)) =
√
the ideal of Cox(X) generated by ∪r>0Cox(X)ra.
For a ∈ Zn, we put
Xa = Proj(⊕r≥0Cox(X)ra).
It is easy to prove that, if
Jb(Cox(X)) ⊃ Ja(Cox(X)),
then we have a morphism
Xa −→ Xb
as in Lemma 8.3. We obtain important birational morphisms analyzing ideals of
the form Ja(Cox(X)). One of our aims is to study such ideals for (not necessary
Noetherian) Zn-graded rings.
In section 2, for a Zn-graded ring A, we define the cone C(A), the ray ideal
Ja(A) and ray ideal cones which are the generalization of chambers. We study basic
properties of them (cf. Proposition 2.4). In Example 2.2, we know that C(A) is a
union of finitely many chambers for a Noetherian Z2-graded domain A such that A0
is a field.
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In section 3, for a Noetherian Zn-graded domain A such that A0 is a field, we
shall prove that if Ja(A) = Jb(A), then Jc(A) = Ja(A) for any c on the line segment
between a and b (cf. Theorem 3.1 and Corollary 3.3). This result follows from Theo-
rem 2.11 in [2]. If we remove the assumption that A is a Noetherian, Theorem 3.1 is
false. We give a counter example which is a Cox ring of a normal projective rational
surface in Example 3.4.
In section 4, we study Noetherian Zn-graded domains with only one chamber. For
a Nn0 -graded Noetherian ring A, we give a necessary and sufficient conditions for A
to be integral over the subring generated by elements with degree in the coordinate
axes (Theorem 4.1).
In section 5, for a Noetherian Zn-graded domain A such that A0 is a field, we
decompose C(A) into a union of chambers (cf. Theorem 5.1).
In section 6, we refine arguments in the previous section. Considering maximal
ray ideal cones in stead of chambers, we give a structure of a fan to the set of
maximal ray ideal cones (cf. Theorem 6.2). It is already known by Theorem 2.11 in
[2]. For the non-Noetherian symbolic Rees ring in Example 3.4, the set of maximal
ray ideal cones do not form a fan.
Theorems 3.1, 5.1, 6.2 follow from Theorem 2.11 in [2]. However, we give proofs
since we need these arguments in the later sections and our proofs are elementary
and algebraic.
In section 7, we study basic properties of R(X ;D1, . . . , Dn) for a normal projective
variety X and Q-divisors D1, . . . , Dn (cf. Theorem 7.1). It is a generalization of
results in [6], [12], [19]. We shall prove that R(X ;D1, . . . , Dn) is a Krull domain and
determine the divisor class group of it.
Using these results, we study the Demazure construction for Zn-graded Krull
domains in Section 8 (cf. Theorems 8.6 and 8.9).
2. Notation and basic properties
Throughout of this paper, C, R, Q, Z, N0, and N denote the set of complex num-
bers, real numbers, rational numbers, integers, non-negative integers, and positive
integers, respectively. Furthermore, R≥0 and R>0 denote the set of non-negative real
numbers and positive real numbers, respectively.
Let
A =
⊕
a∈Zn
Aa
be a Zn-graded ring, that is, each Aa is an additive subgroup such that AaAb ⊂ Aa+b
for a, b ∈ Zn. For a ∈ Rn, |a| denotes the length of the vector a. For 0 6= x ∈ Aa,
we say that the degree of x is a, and denote deg(x) = a. We put
C(A) =
∑
Aa 6=0
R≥0a ⊂ Zn ⊗Z R = Rn.
A subset σ in Rn is called a cone if the following two conditions are satisfied; (i)
a+ b ∈ σ if a, b ∈ σ, (ii) R≥0a ⊂ σ if a ∈ σ.
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For a cone σ, dim σ denotes the dimension of σ− σ as an R-vector space. We say
that σ is a rational polyhedral cone if σ is spanned by finitely many elements in Qn.
If A is a finitely generated Zn-graded ring over A0, then C(A) is a rational poly-
hedral cone.
For a ∈ Qn, we define Ia(A) to be the ideal of A generated by⋃
b∈R>0a∩Zn
Ab.
We put
Ja(A) =
√
Ia(A),
and call it the ray ideal of A at a. In the case where A is a Zn-graded domain, for
a ∈ Qn, Ia(A) 6= 0 if and only if a ∈ C(A).
Let σ be a cone in Rn such that σ−σ is an R-vector subspace spanned by finitely
many elements in Qn. We say that σ is a ray ideal cone of A if Ja(A) = Jb(A) 6= 0
for any a, b ∈ rel.int(σ) ∩ Qn, where rel.int(σ) denotes the relative interior of σ.
For a ray ideal cone σ of A, Jσ(A) denotes Ja(A) for a ∈ rel.int(σ) ∩ Qn, and
call it the ray ideal of the ray ideal cone σ. We sometimes denote Jσ(A) simply
by Jσ if no confusion is possible. A ray ideal cone σ is called a chamber of A if
dim σ = dimC(A).
Let T be an additive subsemigroup of Rn containing 0. For example, T is a
subgroup of Zn or a cone in Rn. We put
AT =
⊕
a∈T∩Zn
Aa.
Remark that it is a subring of A. We regard AT as a Z
n-graded subring of A unless
otherwise specified.
Example 2.1. Let A = k[x, y, z] be a Z2-graded polynomial ring over a field k
with deg(x) = (1, 0), deg(y) = (1, 1), deg(z) = (0, 1), and A0 = k. Then the set of
non-zero ray ideals of A consists of
A, (x), (xz, y), (z), (xy, xz), (xz, yz).
The following are the maximal ray ideal cones of the above ray ideals respectively.
{0}, R≥0(1, 0), R≥0(1, 1), R≥0(0, 1), R≥0(1, 0) + R≥0(1, 1), R≥0(1, 1) + R≥0(0, 1)
Example 2.2. Let A = k[x1, x2, . . . , xt] be a Z
2-graded domain over a field A0 = k,
where xi is a non-zero homogeneous element with deg(xi) = (αi, βi) for i = 1, . . . , t.
Here, we do not have to assume that x1, x2, . . . , xt are algebraically independent
over k. Then C(A) is the cone spanned by {(αi, βi) | i = 1, . . . , t}. For a ∈ Qn,
Ja(A) 6= 0 if and only if a ∈ C(A) since A is a domain.
Consider the following three cases:
(I) Assume that C(A) is strongly convex, that is, −a 6∈ C(A) for any 0 6= a ∈
C(A). Changing coordinates, we may assume αi > 0 for all i and
−∞ < β1
α1
≤ β2
α2
≤ · · · ≤ βt
αt
<∞.
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Assume
βi
αi
<
βi+1
αi+1
= · · · = βi+s
αi+s
<
βi+s+1
αi+s+1
.
Then R≥0(αi, βi) + R≥0(αi+1, βi+1) is a chamber with ray ideal
(2.1)
√
(x1, x2, . . . , xi) ∩ (xi+1, xi+2, . . . , xt).
Furthermore, R≥0(αi+1, βi+1) is a ray ideal cone with ray ideal
(2.2)
√
(x1, x2, . . . , xi+s) ∩ (xi+1, xi+2, . . . , xt).
Here, remark that the ideal (2.1) is contained in the ideal (2.2). If
β1
α1
=
β2
α2
= · · · = βi
αi
<
βi+1
αi+1
,
then R≥0(α1, β1) is a ray ideal cone with ray ideal
(2.3)
√
(x1, x2, . . . , xi).
Thus, in this case, C(A) is a union of some chambers σ1, σ2, . . . , σs. Fur-
thermore, for i = 1, 2, . . . , s, the ray ideal of σi is contained in the ray ideals
of the faces of σi.
(II) Assume that C(A) = R≥0 × R. Put a = (α, β) ∈ Q2. If α > 0, then
Ja(A) = J(1,0)(A) ( A.
For any β ∈ Q,
J(0,β)(A) = A.
If α < 0, then Ja(A) = 0. In this case, A has two maximal ray ideal cones
R≥0 × R and {0} × R.
(III) Assume that C(A) = R2. For any a ∈ Q2, Ja(A) = A in this case.
Remark 2.3. Let
A =
⊕
a∈Zn
Aa
be a Zn-graded ring.
(1) It is well known that A is Noetherian if and only if
• A0 is Noetherian, and
• A is finitely generated over A0 as a ring.
(2) Let b ∈ Qn. If A is Noetherian, then so is⊕
(a,b)≥0
Aa,
where (a, b) is the inner product of a and b. Using it, we can prove that
if A is Noetherian, then so is Aσ for any rational polyhedral cone σ in R
n,
where Aσ = ⊕a∈σ∩ZnAa.
(3) Suppose that T is a subgroup or a finitely generated sub-monoid of Zn. If A
is Noetherian, then so is AT .
Proposition 2.4. Let A be a Zn-graded ring.
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(1) Suppose that S is a Zn-graded subring of A. Let a, b ∈ Qn. Assume that
Ja(S) ⊂ Jb(S), and
√
Ia(S)A = Ja(A). Then Ja(A) ⊂ Jb(A) holds.
(2) Let T be a subgroup of Zn. Let a, b ∈ T . Then
Ja(AT ) ⊂ Jb(AT )⇐⇒ Ja(A) ⊂ Jb(A).
(3) Let σ be a cone in Rn. Then, for a ∈ rel.int(σ) ∩Qn and b ∈ σ ∩Qn,
Ja(Aσ) ⊂ Jb(Aσ)⇐⇒ Ja(A) ⊂ Jb(A).
In particular, if σ is a ray ideal cone of A, then σ itself is a ray ideal cone
of Aσ.
(4) Let S be a Zn-graded subring of A. Assume that A is integral over S. Then,
for any a, b ∈ Qn,
Ja(S) ⊂ Jb(S)⇐⇒ Ja(A) ⊂ Jb(A).
Proof. The assertion (1) follows from
Ja(A) =
√
Ia(S)A =
√
Ja(S)A ⊂
√
Jb(S)A ⊂ Jb(A).
We shall prove (2). Assume a, b ∈ T . For a homogeneous element w of A with
degree on the ray R>0a, some power of w is contained in Ia(AT ). Therefore we have√
Ia(AT )A = Ja(A). The implication (⇒) follows from (1) as above. Next, we shall
prove (⇐). For x ∈ Ac where c ∈ R>0a ∩ T , we want to show xm ∈ Ib(AT ) for
some m. Since x ∈ Ac ⊂ Ja(A) ⊂ Jb(A) =
√
Ib(AT )A, there exists homogeneous
elements y1, . . . , yt, z1, . . . , zt of A such that x
m =
∑
i yizi for some m, where
deg(y1), . . . , deg(yt) are in R>0b ∩ T . We may assume that mc = deg(yi) + deg(zi)
for each i. Then, since deg(zi) = mc− deg(yi) ∈ T , zi is in AT for each i. Thus xm
is in Ib(AT ).
We shall prove (3). The implication (⇒) follows from (1) as above. Next, we
shall prove (⇐). It is enough to show Ac ⊂ Jb(Aσ) for c ∈ R>0a ∩ Zn. Let x be an
element of Ac. By the assumption, x ∈ Ja(A) ⊂ Jb(A) =
√
Ib(A). Then there exists
homogeneous elements y1, . . . , yt, z1, . . . , zt of A such that x
m =
∑
i yizi for some m,
where deg(y1), . . . , deg(yt) are in R>0b. We may assume thatmc = deg(yi)+deg(zi)
for each i. Let s be a positive integer. We have
xm+s =
∑
i
yi(x
szi).
Since deg(zi) = mc − deg(yi), deg(zi) is contained in σ − σ. Since deg(x) is in
rel.int(σ), deg(xszi) is in σ for s ≫ 0. Since xm+s ∈ Ib(Aσ) for s ≫ 0, we have
x ∈ Jb(Aσ).
We shall prove (4). It is enough to show that
(i)
√
Ia(S)A = Ja(A), and
(ii) Ja(S) = Ja(A) ∩ S
for any a ∈ Qn.
First, we shall prove (i). It is easy to see that the left-hand-side is contained in the
right one. In order to show the opposite inclusion, we shall prove Ac ⊂
√
Ia(S)A
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for c ∈ R>0a ∩ Zn. Take x ∈ Ac. Since A is integral over S, we have an integral
equation
xm + a1x
m−1 + · · ·+ am = 0
for some m and some a1, a2, . . . , am ∈ S. Here we may assume that ai is contained
in Sic for each i. Therefore x
m is in Ia(S)A.
Next, we shall prove (ii). It is easy to see that the left-hand-side is contained
in the right one. We shall prove the opposite inclusion. It suffices to show that,
if a prime ideal P of S contains the left-hand-side, then P contains the right one.
Since S →֒ A is an integral extension, there exists a prime ideal Q of A such that
Q ∩ S = P . Take x ∈ Ac for some c ∈ R>0a ∩ Zn. Take an integral equation
xm + a1x
m−1 + · · ·+ am = 0
for some m and some a1, a2, . . . , am ∈ S. We may assume that ai is contained in Sic
for each i. Then ai ∈ Ja(S) ⊂ P ⊂ Q. By the above integral equation, we know
x ∈ Q. Thus Q contains Ja(A). Hence P contains Ja(A) ∩ S. 
Example 2.5. Let A = k[x, y, z, w]/(xw − yz) be a Z2-graded ring with deg(x) =
(3, 0), deg(y) = (2, 1), deg(z) = (1, 2), deg(w) = (0, 3) and A0 = k. As in Exam-
ple 2.1, we have mutually distinct non-zero ray ideals of A as
A,√
(x),
√
(y, xz, xw),
√
(z, xw, yw),
√
(w),√
(x) ∩ (y, z, w),
√
(x, y) ∩ (z, w),
√
(x, y, z) ∩ (w).
Now, suppose that there exists homogeneous elements a, b, c in A such that the
inclusion
S = k[a, b, c]→ A
is finite. Then, by Example 2.2 (I), S has at most 6 non-zero ray ideals. Then, by
Proposition 2.4 (4), A also has at most 6 non-zero ray ideals. It is a contradiction.
Therefore A never have a Z2-graded Noether normalization.
3. Ray ideals for Zn-graded Noetherian rings
The aim of this section is to prove the following theorem. This result follows from
Theorem 2.11 in [2]. If we remove the assumption that A is Noetherian, it is not
true as in Example 3.4.
Theorem 3.1. Let A be a Noetherian Zn-graded domain such that A0 is a field
2.
Suppose a, b, c ∈ Qn ⊂ Rn. Assume that c is on the line segment between a and b.
Assume 0 6= Ja(A) ⊂ Jb(A). Then Jc(A) = Ja(A) if c 6= b.
2 Instead of assuming that A is Noetherian, it is sufficient to assume that AR≥0a is Noetherian.
In fact, if AR≥0a is Noetherian, we can find a Noetherian subring of A with the same situation as
A.
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Proof. If c = a, then it is obvious. Assume c 6= a, b in the rest of this section.
First, we shall prove Ia(A)Ib(A) ⊂ Jc(A). Let x ∈ Ad and y ∈ Ae for d = ua ∈ Zn
and e = vb ∈ Zn, where u, v ∈ Q>0. By the assumption, we have c = sa+ (1− s)b
for a rational number s such that 0 < s < 1. Choose an integer m ≥ 0 such that
ms = uu′ and m(1− s) = vv′ for some u′, v′ ∈ N. Then xu′yv′ ∈ Amc ⊂ Ic(A). Thus
xy ∈ Jc(A).
Since Ia(A)Ib(A) ⊂ Jc(A), we have
Ja(A) ⊂ Jc(A).
In the rest of this section, we shall show the opposite inclusion.
If a and b are not linearly independent over R, it is easy to prove the assertion.
Assume that a and b are linearly independent over R. Put T = (Ra+Rb) ∩ Zn.
Replacing A by AT , we may assume that A is Z
2-graded by Proposition 2.4 (2).
Consider the normalization A˜ of A. It is well known that A˜ also has a structure of
a Z2-graded ring. Replacing A by A˜, we may assume that A is a Z2-graded normal
domain by Proposition 2.4 (4).
In this case, C(A) is a 2-dimensional cone such that a, b ∈ C(A) ⊂ R2. Let σ be
a strongly convex cone in R2 such that a, b ∈ int(σ). By Proposition 2.4 (3), we
may replace A by Aσ. In the rest, we assume that C(A) is strongly convex.
As in Example 2.2 (I), one of the following two cases occurs:
(i) There exists a chamber τ such that a ∈ int(τ).
(ii) There exists a chamber τ which is contained in R≥0a+R≥0b such that a is
in the boundary of τ .
Assume that (ii) occurs. Then Ja(A) contains Jτ (A) by Example 2.2. Then there
exists a rational point a′ (near a) on the line segment between a and b such that
a′ is in the interior of τ . Then we have Ja′(A) ⊂ Ja(A). It is enough to show
Ja′(A) ⊃ Jc(A). Therefore, replacing a by a′, we may assume that (i) as above
occurs.
In the rest, let A be a Z2-graded normal domain and we assume that a = (α, 0)
and b = (γ, δ), where α, γ, δ are positive rational numbers. Put c = sa+(1−s)b =
(sα + (1 − s)γ, (1 − s)δ), where s is a rational number such that 0 < s < 1. Here,
remark that
(3.1) 0 <
(1− s)δ
sα + (1− s)γ <
δ
γ
.
Since a is in the interior of the chamber τ , there exists α1, β1 ∈ Q>0 such that
(3.2) (R≥0a+ R≥0(α1, β1)) \ {0} ⊂ int(τ).
Put
ρ = R≥0a + R≥0(α1, β1).
Since Aρ is Noetherian, there exists homogeneous elements y1, . . . , yt such that
Aρ = A0[y1, y2, . . . , yt].
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Put deg(yi) = (γi, δi) ∈ ρ \ {0} for i = 1, 2, . . . , t. By definition, we have γi > 0 and
δi ≥ 0 for i = 1, 2, . . . , t. Remark that
0 ≤ δi
γi
≤ β1
α1
for each i.
Let x be a homogeneous element of A such that deg(x) ∈ R>0c∩Z2. It is enough
to show x ∈ Ja(A). Since τ is a chamber,
y1, y2, . . . , yt ∈ Ja(A) ⊂ Jb(A)
by (3.2). Therefore there exist homogeneous elements b1, b2, . . . , bh such that
(3.3)
(i) y1, y2, . . . , yt ∈
√
(b1, b2, . . . , bh)A,
(ii) deg(b1) = deg(b2) = · · · = deg(bh) = eb = (eγ, eδ) for some e ∈ N,
(iii) eγ is strictly bigger than the first component of the vector deg(x).
Hence yw1 , y
w
2 , . . . , y
w
t are in (b1, b2, . . . , bh)A for some w ∈ N. We put
ϕ = min{δi − (β1/α1) γi | i = 1, 2, . . . , t}
and
Ω =
{
(ξ, η) ∈ R2 | 0 < ξ, 0 ≤ η ≤ (β1/α1) ξ + wtϕ
}
.
By definition, we know ϕ < 0. Hence we have Ω ⊂ ρ.
Here, we shall prove the following claim:
Claim 3.2. If d ∈ Ω ∩ Z2, then Ad ⊂ (b1, b2, . . . , bh)A.
Put d = (ξ1, η1) ∈ Ω ∩ Z2. Remark that Ad = (Aρ)d. Put
M = yu11 y
u2
2 · · · yutt ∈ Ad.
Here, (ξ1, η1) = (u1γ1 + u2γ2 + · · · + utγt, u1δ1 + u2δ2 + · · · + utδt). If M is not in
(b1, b2, . . . , bh)A, then ui < w for i = 1, 2, . . . , t. Remark that
0 ≥ δi − β1
α1
γi ≥ ϕ
for each i. Then
η1 − β1
α1
ξ1 = (u1δ1 + u2δ2 + · · ·+ utδt)− β1
α1
(u1γ1 + u2γ2 + · · ·+ utγt)
= u1
(
δ1 − β1
α1
γ1
)
+ u2
(
δ2 − β1
α1
γ2
)
+ · · ·+ ut
(
δt − β1
α1
γt
)
≥ (u1 + u2 + · · ·+ ut)ϕ > wtϕ.
It contradicts d ∈ Ω. We have completed the proof of Claim 3.2.
Consider the subring
AR≥0a =
⊕
g∈R≥0a∩Zn
Ag
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of A. Remark that AR≥0a is Noetherian by Remark 2.3. We think AR≥0a as a
Z2-graded subring of A. Let z1, z2, . . . , zp be homogeneous elements satisfying
deg(zi) ∈ R>0a ∩ Z2 for i = 1, 2, . . . , p and
AR≥0a = A0[z1, z2, . . . , zp].
Then there exist positive integers k1, k2, . . . , kp such that
(i) deg(zk11 ) = deg(z
k2
2 ) = · · · = deg(zkpp ), and
(ii) deg(xz
kj
j ) ∈ Ω for j = 1, 2, . . . , p.
By Claim 3.2, we have
xz
kj
j =
h∑
u=1
bucju
where cju = 0 or cju is a homogeneous element of A with deg(xz
kj
j ) = deg(bucju)
for each u. Assume cju 6= 0. Then the second component of deg(cju) is negative by
(3.1) and the definition of b1, b2, . . . , bh (cf. (3.3) (iii)). Let ζ be the length of the
vector eb = deg(bu), which is independent of u. Let L be the line segment between
deg(xz
kj
j ) and deg(cju). Let f be the intersection of L and the coordinate axis Ra.
Let νζ be the distance between f and deg(xz
kj
j ). Then ν is a rational number such
that 0 < ν < 1. Put
φ = |f − deg(zkjj )|,
where | | denotes the length of a vector. Let µ be a positive integer such that
(3.4)
(i) µν is a positive integer, and
(ii) | deg(zk11 zk22 · · · zkpp )| < µφ.
Since µ > µν > 0, we can describe as
(xz
kj
j )
µ =
(
h∑
u=1
bucju
)µ
=
∑
w1+w2+···+wh=µν
bw11 b
w2
2 · · · bwhh Cj,w1,w2,...,wh,
where Cj,w1,w2,...,wh is a homogeneous element of A with
(3.5) deg(Cj,w1,w2,...,wh) = µ deg(xz
kj
j )− µνeb = µf .
Therefore
(3.6) | deg(Cj,w1,w2,...,wh)| = µ| deg(zkjj )|+ µφ.
On the other hand, by (3.5), Cj,w1,w2,...,wh is anA0-linear combination of monomials
zv11 z
v2
2 · · · zvpp with deg(zv11 zv22 · · · zvpp ) = µf . We put vj = rjkj + qj for rj , qj ∈ Z such
that 0 ≤ qj < kj for j = 1, 2, . . . , p. Then we have
| deg(zq11 zq22 · · · zqpp )| < | deg(zk11 zk22 · · · zkpp )| < µφ
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by (3.4). Therefore
| deg(Cj,w1,w2,...,wh)| = | deg(zv11 zv22 · · · zvpp )|
= | deg(zr1k11 zr2k22 · · · zrpkpp )|+ | deg(zq11 zq22 · · · zqpp )|
< | deg(zr1k11 zr2k22 · · · zrpkpp )|+ µφ.
Comparing the above inequality with the equation (3.6), we have
µ| deg(zkjj )| < | deg(zr1k11 zr2k22 · · · zrpkpp )| = (r1 + r2 + · · ·+ rp)| deg(zkjj )|.
Therefore we obtain
µ < r1 + r2 + · · ·+ rp.
Then
Cj,w1,w2,...,wh ∈ (zk11 , zk22 , . . . , zkpp )µ+1A.
Let V be a discrete valuation ring containing A. Let v be the valuation of V . Put
v0 = v(z
kj
j ) = min{v(zk11 ), v(zk22 ), . . . , v(zkpp )}.
Since (xz
kj
j )
µ ∈ (zk11 , zk22 , . . . , zkpp )µ+1A, we know that
v(xµ) ≥ v0.
Therefore xµ is contained in the integral closure of (zk11 , z
k2
2 , . . . , z
kp
p )A (cf. (6.8.2) in
[10]). In particular,
x ∈
√
(zk11 , z
k2
2 , . . . , z
kp
p )A = Ja(A).
We have completed the proof of Theorem 3.1. 
Corollary 3.3. Let A be a Noetherian Zn-graded domain such that A0 is a field.
Let a and b be linearly independent vectors in Qn such that Ja(A) = Jb(A) 6= 0.
Consider the line L passing through a and b.
Then there exists a sufficiently small ǫ such that Jc(A) coincides with Jb(A) for
any c ∈ L ∩ Uǫ(b) ∩Qn, where Uǫ(b) = {d ∈ Rn | |d− b| < ǫ}.
Proof. Let T = (Ra + Rb) ∩ Z2. Replacing A by AT , we may assume that A is a
Noetherian Z2-graded domain. Take c ∈ L ∩ Uǫ(b) ∩ Qn for a sufficiently small ǫ.
If c is on the line segment between a and b, then Jc(A) = Jb(A) by Theorem 3.1.
Assume that c is not on the line segment between a and b. As in Example 2.2, one
of the following three cases occurs:
(i) b is in the interior of a chamber τ .
(ii) b is in the boundary of two chambers σ1 and σ2.
(iii) b is in the boundary of C(A).
If (i) occurs, then we may assume that c is in the interior of the chamber τ . Hence
Jb(A) = Jc(A). If (ii) occurs, then
0 6= Jc(A) ⊂ Jb(A) = Ja(A).
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By Theorem 3.1, we have Jc(A) = Jb(A). Assume that (iii) occurs. Let x be a
non-zero homogeneous element such that deg(x) = sb for some s ∈ N. Then any
power of x is not in Ia(A). It contradicts Ja(A) = Jb(A). 
Theorem 3.1 is false if we remove the assumption that A is Noetherian.
Example 3.4. Let a, b, c be pairwise coprime positive integers. Put S = k[x, y, z],
where k is a field. Let P be the kernel of the k-algebra homomorphism
φ : S −→ k[T ]
defined by φ(x) = T a, φ(y) = T b and φ(z) = T c. For n ∈ N, put
P (n) = P nSP ∩ S
and call it the nth symbolic power of P . Put
A = S[t−1, P t, P (2)t2, P (3)t3, . . .] ⊂ S[t, t−1].
Here, we think that S[t, t−1] is a Z2-graded ring with deg(x) = (0, a), deg(y) = (0, b),
deg(z) = (0, c), deg(t) = (1, 0). Then A is a Z2-graded subring of S[t, t−1].
In this situation, A is Noetherian if and only if it satisfies Huneke’s criterion [9],
that is, there exist positive integers r and s, and elements f ∈ P (r) and g ∈ P (s)
such that
(3.7) ℓ(S/(f, g, x)) = rsa.
One can prove that, once A is Noetherian, we can choose homogeneous elements
f and g satisfying (3.7) as in Cutkosky [3]. Assume that A is Noetherian and
homogeneous elements f and g satisfy Huneke’s criterion. Put deg(f) = (0, d1) and
deg(g) = (0, d2). In this case, we can prove that
B = k[t−1, x, ftr, gts] ⊂ A
is a finite map. Then, by Proposition 2.4 (4), ray ideal cones of A are the same
as those of B. Remark that t−1, x, ftr, gts are algebraically independent over k.
Degrees of them are (−1, 0), (0, a), (r, d1), (s, d2), respectively. Here assume that
d1/r < d2/s is satisfied
3. Then, by Example 2.2, the non-zero ray ideals of B are
B,
(t−1)B, (t−1, x)B ∩ (x, gts, f tr)B, (t−1, x, gts)B ∩ (gts, f tr), (ftr)B,
(t−1)B ∩ (x, gts, f tr)B, (t−1, x)B ∩ (gts, f tr)B, (t−1, x, gts)B ∩ (ftr)B.
The corresponding maximal ray ideal cones are
{0},
R≥0(−1, 0), R≥0(0, 1), R≥0(s, d2), R≥0(r, d1),
R≥0(−1, 0) + R≥0(0, 1), R≥0(0, 1) + R≥0(s, d2), R≥0(s, d2) + R≥0(r, d1).
3 In many cases, d1/r does not equal d2/s when there exist homogeneous elements f , g satisfying
(3.7). In the case (a, b, c) = (1, 1, 1), d1/r = d2/s = 1 holds. The authors do not know any other
examples satisfying d1/r = d2/s.
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One can see that Theorem 3.1 is satisfied in this case.
Next, we assume that (a, b, c) = (25, 29, 72). Then the symbolic Rees ring A is
not Notherian by Goto-Nishida-Watanabe [7]. There exist a homogeneous element
ft ∈ A(1,216) and an ideal J of A such that, for positive rational numbers α and β,
we have
J(α,β)(A) =


J if β/α > 25·29/3,
(ft)A ∩ J if 25·29/3 ≥ β/α > 216,
(ft)A if β/α = 216,
0 if 216 > β/α.
Here remark that
J ) (ft)A ∩ J ( (ft)A.
Thus Theorem 3.1 is not true if we remove the assumption that A is Noetherian.
Since the height of J is bigger than 1, this example satisfies the condition (I) in
Theorem 8.6.
4. When is (R≥0)
n a chamber?
The purpose of this section is to prove the following theorem:
Theorem 4.1. Let A be a Noetherian Zn-graded domain such that A0 is a field.
Assume that C(A) = (R≥0)
n. Let ei be the i-th unit vector in R
n. Let B be the
subring of A generated by
n⋃
i=1
[⋃
m>0
Amei
]
over A0.
Then the following conditions are equivalent:
(1) The inclusion B → A is a finite extension.
(2) Any face of (R≥0)
n is a ray ideal cone of A.
(3) C(A) itself is a ray ideal cone of A.
Proof. First, we shall prove (1)⇒ (2). By Proposition 2.4 (4), we may assume that
B = A. Restricting Zn to a subgroup generated by a subset of {e1, . . . , en} (cf.
Proposition 2.4 (2)), we have only to show that C(A) itself is a ray ideal cone of A.
Take
a = a1e1 + a2e2 + · · ·+ anen ∈ int(C(A)) ∩ Zn,
where ai’s are positive integers. Take xi ∈ Abiei for i = 1, 2, . . . , n, where bi’s are
positive integers. Put b = b1b2 · · · bn. Then,
deg(x
(ba1/b1)
1 x
(ba2/b2)
2 · · ·x(ban/bn)n ) = ba.
Therefore we know Ja(A) ⊃ Je1(A)Je2(A) · · ·Jen(A). On the other hand, since A
is generated by homogeneous elements with degree on coordinate axes, we have
Ia(A) ⊂ Ie1(A)Ie2(A) · · · Ien(A) immediately. Thus we obtain
Ja(A) =
√
Je1(A)Je2(A) · · ·Jen(A).
Therefore C(A) itself is a ray ideal cone of A.
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The implication (2)⇒ (3) is trivial.
In the rest of this section, we shall prove (3) ⇒ (1). There exists a positive
integer c such that Acei 6= 0 for i = 1, 2, , . . . , n. Replacing A by AcZn, we may
assume Aei 6= 0 for i = 1, 2, , . . . , n. Let A˜ be the normalization of A. Since A is
finitely generated over the field A0, A˜ is also a finitely generated Z
n-graded ring
over the field A˜0. Then C(A˜) = C(A) = (R≥0)
n, and (R≥0)
n is a chamber of A˜ by
Proposition 2.4 (4). Let B′ be the subring of A˜ generated by
n⋃
i=1
[⋃
m>0
A˜mei
]
over A˜0. Consider the following diagram:
B −→ A
↓ ↓
B′ −→ A˜
It is easy to see that B → B′ is a finite extension. If B′ → A˜ is a finite extension,
then so is B → A. Replacing A with A˜, we may assume that A is a normal domain.
We denote the field of fractions by Q( ).
Let B be the integral closure of B in A. Since Q(A) is finitely generated over
Q(B) as a field, B is finite over A. We shall prove A = B.
Let us prove the following claim:
Claim 4.2. The ray ideal JC(A) is
√
Je1(A)Je2(A) · · ·Jen(A).
It is easy to see that JC(A) contains
√
Je1(A)Je2(A) · · ·Jen(A) as in the proof
of the implication (1) ⇒ (2). We shall prove the opposite inclusion. Let P be a
minimal prime ideal of
√
Je1(A)Je2(A) · · ·Jen(A). It is well known that P is Zn-
graded. We want to show that P contains JC(A). There exists i such that P contains
Jei(A). Then C(A/P ) does not contain ei. Since A is Noetherian, both C(A)
and C(A/P ) are rational polyhedral cones. Since C(A/P ) ( C(A), there exists
b ∈ int(C(A)) ∩ Qn such that b 6∈ C(A/P ). Therefore P contains Jb(A) = JC(A).
We have completed the proof of Claim 4.2.
Next, we shall prove the following claim:
Claim 4.3. For a ∈ Nn, Aa is contained in B.
There exists b ∈ Z such that Jei(A) =
√
AbeiA for i = 1, 2, . . . , n, where AbeiA
denotes the ideal of A generated by Abei .
We put a = a1e1+a2e2+· · ·+anen, where a1, a2, . . . , an ∈ N. Then, by Claim 4.2,
we have
Ja(A) =
√
Je1(A)Je2(A) · · ·Jen(A)
=
√
Abe1Abe2 · · ·AbenA
=
√
Aba1e1Aba2e2 · · ·AbanenA,
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where Aba1e1Aba2e2 · · ·AbanenA denotes the ideal of A generated by
Aba1e1Aba2e2 · · ·Abanen = {x1x2 · · ·xn | x1 ∈ Aba1e1 , x2 ∈ Aba2e2 , . . . , xn ∈ Abanen}.
Then there exists m ∈ N such that
(4.1) Ja(A)
m ⊂ Aba1e1Aba2e2 · · ·AbanenA.
We put
Tℓ = Aℓba and T =
⊕
ℓ∈N0
Tℓ.
Since T is finitely generated over T0 = A0 as a ring, we have
(4.2) Tℓ ⊂ Ja(A)m
for ℓ≫ 0. Here, recall that
Aba1e1Aba2e2 · · ·Abanen ⊂ T1.
Then, by (4.1) and (4.2),
Tℓ = Aba1e1Aba2e2 · · ·AbanenTℓ−1
for ℓ≫ 0. Then we know that the inclusion
A0[Aba1e1Aba2e2 · · ·Abanen ] −→ T
is a finite morphism. Since B contains A0[Aba1e1Aba2e2 · · ·Abanen ], B contains T .
Since elements in Aa are integral over T , Aa is contained in B. We have completed
the proof of Claim 4.3.
Now, we start to prove B = A. It is enough to prove BP ⊃ A for a prime ideal P
of B of height one since B is a normal domain. By Claim 4.3, Q(B) = Q(A). Let
vP be the valuation associated to the discrete valuation ring BP .
First, assume that, for each i, there exists xi ∈ Aaiei for some ai ∈ N such that
vP (xi) = 0. For any non-zero homogeneous element x in A,
deg(xx1x2 · · ·xn) ∈ Nn.
Then, by Claim 4.3, we have
xx1x2 · · ·xn ∈ B.
Then we have vP (x) ≥ 0 immediately. Thus x is in BP in this case.
Next, assume that there exists i such that P contains⋃
m∈N
Amei .
For the simplicity, suppose that the above i is 1. Then P ∩ B contains all the
homogeneous element such that the first component of the degree is positive. Since
B is integral over B, P contains all the homogeneous element in B such that the
first component of the degree is positive. Let B(0) be the homogeneous localization
of B, that is
B(0) =
{
z ∈ Q(B) ∣∣ yz ∈ B for some non-zero homogeneous element y ∈ B } .
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It is still a Zn-graded ring. Then, by Claim 4.3, it is easy to see A ⊂ B(0). Since
Aei 6= 0 for i = 1, 2, . . . , n, we may assume that B(0) = K[t±11 , t±12 , . . . , t±1n ], where
deg(ti) = ei and K is a field such that (B(0))0 = K. Then P = t1K[t1, t2, . . . , tn]∩B
since the height of P is 1. Hence BP = K[t1, t2, . . . , tn](t1) because BP is a discrete
valuation ring. Thus we have
A ⊂ K[t1, t2, . . . , tn] ⊂ K[t1, t2, . . . , tn](t1) = BP .
We have completed the proof of Theorem 4.1. 
5. Chamber decomposition
The aim of this section is to prove the following theorem, which also follows from
Theorem 2.11 in [2].
Theorem 5.1. Let A be a Noetherian Zn-graded domain such that A0 is a field.
Then there exists finitely many chambers σ1, σ2, . . . , σm such that
C(A) =
m⋃
i=1
σi.
Proof. Replacing Zn by the subgroup generated by {a ∈ Zn | Aa 6= 0}, we may
assume that dimC(A) = n.
Let x1, x2, . . . , xs be a set of non-zero homogeneous elements such that A =
A0[x1, x2, . . . , xs]. Put ai = deg(xi) for each i. Then,
C(A) =
s∑
i=1
R≥0ai.
Here, put
{H1, H2, . . . , Hℓ} =
{
H
∣∣∣∣ H is an (n− 1)-dimensional linear subspace of Rnspanned by a subset of a1, a2, . . . , as
}
.
Let fi : R
n → R be a R-linear map such that
Hi = {a ∈ Rn | fi(a) = 0}
for each i. For ξ1, ξ2, . . . , ξℓ ∈ {−1, 1}, we put
C(ξ1, ξ2, . . . , ξℓ) = {a ∈ Rn | ξifi(a) > 0 for i = 1, 2, . . . , ℓ}.
Here, we prove the following claim:
Claim 5.2. Let C(ξ1, ξ2, . . . , ξℓ) be the closure of C(ξ1, ξ2, . . . , ξℓ) in the classical
topology of Rn. Then
(5.1) C(A) =
⋃
C(A)∩C(ξ1,ξ2,...,ξℓ)6=∅
C(ξ1, ξ2, . . . , ξℓ).
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First, we prove that the right-hand-side is contained in the left one. Assume that
C(A) ∩ C(ξ1, ξ2, . . . , ξℓ) 6= ∅. Take x ∈ C(A) ∩ C(ξ1, ξ2, . . . , ξℓ). Since
x ∈ C(A) =
∑
i
R≥0ai,
there exist linearly independent vectors ai1, ai2 , . . . , ain such that
x ∈ R≥0ai1 + R≥0ai2 + · · ·+ R≥0ain
by Carathe´odory’s theorem. Since x ∈ C(ξ1, ξ2, . . . , ξℓ), x is not contained in hy-
persurface spanned by a subset of ai1, ai2 , . . . , ain . Hence we know
(5.2) x ∈ R>0ai1 + R>0ai2 + · · ·+ R>0ain.
Take any y ∈ C(ξ1, ξ2, . . . , ξℓ). Since ai1 , ai2, . . . , ain span Rn, we can write
(5.3) y = r1ai1 + r2ai2 + · · ·+ rnain ,
where r1, r2, . . . , rn ∈ R. Assume that rj ≤ 0 for some j. Let Ht be the hypersurface
spanned by ai1 , . . . , aij−1 , aij+1, . . . , ain . By (5.2), we obtain ξtft(aij ) > 0. On
the other hand, by (5.3), 0 < ξtft(y) = rjξtft(aij ). It is a contradiction. Hence we
obtain
(5.4) C(ξ1, ξ2, . . . , ξℓ) ⊂ R>0ai1 + R>0ai2 + · · ·+ R>0ain ⊂ C(A).
Since C(A) is a closed subset, the closure C(ξ1, ξ2, . . . , ξℓ) is contain in C(A).
Next, we shall show that the right-hand-side contains the left one in (5.1). It is
enough to show that any point z in the interior of C(A) is contained in the right-
hand-side. Let Uǫ(z) be an open ball of radius ǫ with center z. If ǫ is small enough,
then Uǫ(z) is contained in C(A). Since
Uǫ(z) 6⊂ H1 ∪H2 ∪ · · · ∪Hℓ,
Uǫ(z) intersects the right-hand-side in (5.1). Since the right-hand-side is a closed
set, z is contained in the right-hand-side.
We have completed the proof of Claim 5.2.
In order to prove Theorem 5.1, it is enough to show the following claim:
Claim 5.3. Suppose C(A)∩C(ξ1, ξ2, . . . , ξℓ) 6= ∅. Then C(ξ1, ξ2, . . . , ξℓ) is a cham-
ber of A.
Suppose that C(A) ∩ C(ξ1, ξ2, . . . , ξℓ) 6= ∅. Then it is easy to see that
C(ξ1, ξ2, . . . , ξℓ) = {x ∈ Rn | ∀i, ξifi(x) ≥ 0}
is a rational polyhedral cone. The interior of C(ξ1, ξ2, . . . , ξℓ) is C(ξ1, ξ2, . . . , ξℓ).
Suppose deg(xt11 x
t2
2 · · ·xtss ) ∈ C(ξ1, ξ2, . . . , ξℓ). We shall prove that xt11 xt22 · · ·xtss ∈
Ja(A) for any a ∈ C(ξ1, ξ2, . . . , ξℓ) ∩Qn. Since
deg(xt11 x
t2
2 · · ·xtss ) ∈
∑
ti>0
R≥0ai,
there exists i1, i2, . . . , in such that
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• ai1, ai2 , . . . , ain are linearly independent,
• ti1 > 0, ti2 > 0, . . . , tin > 0, and
• deg(xt11 xt22 · · ·xtss ) ∈ R>0ai1 + R>0ai2 + · · ·+ R>0ain
by the same argument just before (5.2). Then, by the argument that (5.2) implies
(5.4), we obtain
a ∈ C(ξ1, ξ2, . . . , ξℓ) ⊂ R>0ai1 + R>0ai2 + · · ·+ R>0ain .
Then it is easy to see that a power of xt11 x
t2
2 · · ·xtss is contained in Ia(A).
We have completed the proofs of Claim 5.3 and Theorem 5.1. 
6. The fan structure of ray ideal cones
In this section, we shall prove that, for a Noetherian Zn-graded domain, there
exists the unique maximal ray ideal cone σJ for each non-zero ray ideal J . Fur-
thermore, we shall prove that the set of maximal ray ideal cones forms a fan in
Theorem 6.2, which follows from Theorem 2.11 in [2]. If A is not Notherian, Theo-
rem 6.2 is not true. In fact, the set of maximal ray ideal cones of the non-Noetherian
symbolic Rees ring in Example 3.4 do not form a fan.
Lemma 6.1. Let A be a Noetherian Zn-graded ring and σ be a ray ideal cone of A.
Take b ∈ σ ∩Qn. Then Jb(A) contains the ray ideal Jσ of the ray ideal cone σ.
Proof. Let P be a homogeneous prime ideal containing Jb(A). Remark that C(A/P )
is a closed subset of Rn since A is Noetherian. If C(A/P ) contains rel.int(σ) ∩ Qn,
then C(A/P ) contains σ. However, C(A/P ) does not contain b. Therefore there
exists a ∈ rel.int(σ) ∩Qn such that P ⊃ Ja(A) = Jσ. Thus Jb(A) contains Jσ. 
Theorem 6.2. Let A be a Noetherian Zn-graded domain such that A0 is a field.
(1) There exists only finitely many non-zero ray ideals.
(2) For each non-zero ray ideal J , there exists the unique maximal ray ideal cone
σJ of the ray ideal J . Furthermore, σJ is a rational polyhedral cone. For any
a ∈ Qn \ σJ , Ja(A) does not coincide with J .
(3) Suppose that a rational polyhedral cone σ is a ray ideal cone. Then any face
of σ is also a ray ideal cone.
(4) Let J1 and J2 be non-zero ray ideals of A. Then J1 contains J2 if and only
if σJ1 is a face of σJ2.
(5) Assume that A0 \ {0} coincides with the set of units in A. Then
{σJ | J is a non-zero ray ideal}
forms a fan.
Proof. First, we shall prove (1). It is enough to show that there exist finitely many
ray ideal cones ρ1, ρ2, . . . , ρℓ such that
(6.1) C(A) =
ℓ⋃
i=1
rel.int(ρi),
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where each ρi is a rational polyhedral cone. (If it is satisfied, A has only finitely
many non-zero ray ideals Jρ1 , Jρ2 , . . . , Jρℓ .) We shall prove it by induction on the
dimension of C(A). If dimC(A) = 0, it is trivial. Assume that dimC(A) > 0. By
Theorem 5.1, we have chambers σ1, σ2, . . . , σm satisfying
C(A) =
m⋃
i=1
σi.
It is sufficient to show (6.1) for Aσ1 , Aσ2 , . . . , Aσm since any ray ideal cone of Aσi
is a ray ideal cone of A by Proposition 2.4 (1). Replacing A by Aσi , we assume
that C(A) itself is a chamber of A and C(A) is a rational polyhedral cone. Then
the boundary of C(A) is a union of finitely many faces of C(A). Let τ be a face of
C(A). Since dim τ < dimC(A), (6.1) holds for Aτ . Therefore (6.1) is satisfied since
any ray ideal cone of Aτ is a ray ideal cone of A by Proposition 2.4 (1).
Next, we shall prove (2). Let J be a non-zero ray ideal of A. Consider a decom-
position of C(A) as in (6.1). Suppose that the ray ideal of ρi is J if and only if
i = 1, 2, . . . , s. Then it is easy to see
(6.2) {a ∈ Qn | Ja(A) = J} ⊂
s⋃
i=1
rel.int(ρi) ⊂
∑
a∈Qn, Ja(A)=J
R≥0a.
Take an element
x = u1a1 + u2a2 + · · ·+ utat
in the right end of (6.2), where ui ∈ R>0 and Jai(A) = J for i = 1, 2, . . . , t. Let
{uij}j be a sequence of positive rational numbers which converges to ui. We put
xj = u1ja1 + u2ja2 + · · ·+ utjat
for each j. By Theorem 3.1, Jxj (A) = J for all j. Since {xj}j converges to x, x is
contained in the closure of the left end in (6.2). Taking the closure of each set in
(6.2), we obtain
(6.3) {a ∈ Qn | Ja(A) = J} =
s⋃
i=1
ρi =
∑
a∈Qn, Ja(A)=J
R≥0a.
The right end of (6.3) is a cone in Rn. We denote this cone by σJ . Since σJ is a
cone spanned by ρ1, ρ2, . . . , ρs, it is a rational polyhedral cone. It is easy to see
that σJ is the unique maximal ray ideal cone with ray ideal J .
Next, we shall prove (3). If dim σ ≤ 2, then it is easy. Assume that dim σ ≥ 3.
Assume that τ is a proper face of σ such that there exist a, b ∈ rel.int(τ) ∩ Qn
satisfying Ja(A) 6= Jb(A). We can take a′, b′ ∈ rel.int(τ) ∩ Qn such that a, b ∈
rel.int(R≥0a
′ + R≥0b
′). Take c ∈ rel.int(σ) ∩Qn. Put
T = R≥0a
′ + R≥0b
′ + R≥0c.
By definition, dimT = 3. The relative interior of T is contained in that of σ. By
Proposition 2.4 (3), T itself is a ray ideal cone of AT . Then, by Theorem 4.1,
any face of T is a ray ideal cone of AT . Since a, b ∈ rel.int(R≥0a′ + R≥0b′), we
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know Ja(AT ) = Jb(AT ). By Proposition 2.4 (1), we have Ja(A) = Jb(A). It is a
contradiction.
Next, we shall prove (4). If σJ1 is a face of σJ2 , then J1 contains J2 by Lemma 6.1.
Conversely assume that J1 ) J2. Let a ∈ rel.int(σJ2) ∩Qn and b ∈ rel.int(σJ1) ∩
Qn. Let c be a rational point on the line segment between a and b such that c 6= b.
Then Jc(A) = Ja(A) by Theorem 3.1. Thus one can see
rel.int(σJ1) ⊂ rel.int(σJ2).
Hence
σJ1 ⊂ σJ2.
Since σJ1 is contained in the boundary of σJ2 , there exists the minimal face τ of σJ2
containing σJ1 . By the minimality of τ , σJ1 is not contained in the boundary of τ .
Here, remark that
σJ1 = {a ∈ Qn | Ja(A) = J1}
by (6.3). Therefore there exists d ∈ rel.int(τ) ∩ Qn such that Jd(A) = J1. By (3),
τ is a ray ideal cone of the ray ideal J1. Since σJ1 is the unique maximal ray ideal
cone with ray ideal J1, σJ1 coincides with τ .
Next, we shall prove (5). Put
∆(A) = {σJ | J is a non-zero ray ideal}.
Since A0 \ {0} coincides with the set of units in A, each σJ in ∆(A) is a strongly
convex rational polyhedral cone. In order to show that ∆(A) forms a fan, it is
enough to show
(a) any face of a cone in ∆(A) is in ∆(A), and
(b) for σ1, σ2 ∈ ∆(A), σ1 ∩ σ2 is a face of both σ1 and σ2.
First, we shall prove (a). Take σJ ∈ ∆(A). Let τ be a face of σJ . By (3), τ is a
ray ideal cone of A. Let J ′ be the ray ideal of the ray ideal cone τ . By Lemma 6.1,
J ′ contains J . Then, by (4), σJ ′ is a face of σJ . Since σJ ′ contains τ , τ is a face of
σJ ′ . We want to show τ = σJ ′ . Assume that τ ( σJ ′ . Take a ∈ rel.int(σJ ′) ∩ Qn
and b ∈ rel.int(τ) ∩Qn. Then we have Ja(A) = Jb(A) 6= 0. By Corollary 3.3, there
exists c ∈ Qn such that Jc(A) = Jb(A) and c 6∈ σJ ′ . It contradicts the maximality
of σJ ′ in (2). Hence we have τ = σJ ′ . Therefore any face of σJ is contained in ∆(A).
Next, we shall prove (b). Take σJ1 , σJ2 ∈ ∆(A). We shall prove that σJ1 ∩ σJ2
is a face of both σJ1 and σJ2 . If J1 ⊃ J2 or J1 ⊂ J2, then the assertion follows
from (4). Assume J1 6⊃ J2 and J1 6⊂ J2. Since both σJ1 and σJ2 are rational
polyhedral cones, so is σJ1 ∩ σJ2 . By Lemma 6.1, Ja(A) contains both J1 and J2
for any a ∈ σJ1 ∩ σJ2 ∩ Qn. Then σJ1 ∩ σJ2 is contained in the boundary of σJi for
i = 1, 2 by (4). Let τi be the minimal face of σJi containing σJ1 ∩ σJ2 for i = 1, 2.
There exists b ∈ σJ1 ∩ σJ2 ∩Qn such that b ∈ rel.int(τi) for i = 1, 2. Put J = Jb(A).
Since τ1, τ2 ∈ ∆(A) by (a), we know τ1 = τ2 = σJ . Since J contains J1 and J2, we
have σJ1 ∩ σJ2 = σJ .
We have completed the proof of Theorem 6.2. 
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Example 6.3. Let π : X → P2C be the blow-up at very general points p1, . . . , pt.
Let H be the hyperplane in P2C. We put Ei = π
−1(pi) for i = 1, 2, . . . , t. Consider
the multi-section ring (see Section 7)
R = R(X ;−E1 −E2 − · · · − Et, π−1(H)).
Nagata [15] conjectured that, if t ≥ 10 and d ≤ √tm, then R(m,d) = 0. If Nagata’s
conjecture is true, then
R≥0(1,
√
t) + R≥0(0, 1)
is a maximal ray ideal cone of R. Remark that, if
√
t 6∈ Q, then it is not a rational
polyhedral cone.
7. Multi-section rings defined by Q-divisors
Let X be a normal projective variety over a field k of dimX > 0. Let K be the
function field of X . Let H1(X) be the set of closed subvarieties of X of codimension
1. Let Di be a Q-Weil divisor for i = 1, 2, . . . , n, that is a finite sum
Di =
∑
F∈H1(X)
mi,FF,
where mi,F ∈ Q.
We define a Zn-graded ring as
R(X ;D1, D2, . . . , Dn) =
⊕
r1,...,rn∈Z
H0(X,OX(
∑
i
riDi))t
r1
1 t
r2
2 · · · trnn
⊂ K[t±11 , t±12 , . . . , t±1n ],
where
H0(X,OX(
∑
i
riDi)) = {a ∈ K× | div(a) +
∑
i
riDi ≥ 0} ∪ {0} ⊂ K.
We sometimes denote R(X ;D1, D2, . . . , Dn) simply by R. We put
mi,F =
pi,F
qi,F
,
where pi,F ∈ Z and qi,F ∈ N such that GCD(pi,F , qi,F ) = 1. Here, remark that
qi,F = 1 if pi,F = 0. We put
qF = LCM(q1,F , q2,F , . . . , qn,F ).
We define
PF =
⊕
r1,...,rn∈Z
H0(X,OX(
∑
i
riDi − 1
qF
F ))tr11 t
r2
2 · · · trnn ⊂ R(X ;D1, D2, . . . , Dn).
In this section, we shall prove the following:
Theorem 7.1. Let X be a normal projective variety over a field k with dimX > 0.
Let D1, D2, . . . , Dn be Q-Weil divisors.
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(1) The ring R(X ;D1, D2, . . . , Dn) is a Krull domain. The set of height 1 ho-
mogeneous prime ideals of R(X ;D1, D2, . . . , Dn) is contained in {PF | F ∈
H1(X)}.
(2) Assume that a1D1+ a2D2+ · · ·+ anDn is an ample Cartier divisor for some
a1, a2, . . . , an ∈ Z. Then the set of height 1 homogeneous prime ideals of
R(X ;D1, D2, . . . , Dn) coincides with {PF | F ∈ H1(X)}. Putting a =
(a1, a2, . . . , an), the ray ideal Ja(R(X ;D1, D2, . . . , Dn)) is not contained in
any height 1 prime ideal of R(X ;D1, D2, . . . , Dn).
(3) Assume that a1D1+ a2D2+ · · ·+ anDn is an ample Cartier divisor for some
a1, a2, . . . , an ∈ Z. We put
{F1, F2, . . . , Fℓ} = {F ∈ H1(X) | mi,F 6= 0 for some i}
and
M =
ℓ⊕
j=1
1
qFj
Z ⊃ L =
n∑
i=1
Z(mi,F1 , mi,F2, . . . , mi,Fℓ).
Then we have an exact sequence
(7.1) L ∩ Zℓ −→ Cl(X) −→ Cl(R(X ;D1, D2, . . . , Dn)) −→ M
L+ Zℓ
−→ 0,
where Cl( ) denotes the divisor class group.
By the above theorem, we can immediately prove the following corollary.
Corollary 7.2. Assume that a1D1+ a2D2+ · · ·+ anDn is an ample Cartier divisor
for some a1, a2, . . . , an ∈ Z. Then R(X ;D1, D2, . . . , Dn) is factorial if and only if
• M = L+ Zℓ, and
•
{
n∑
i=1
biDi
∣∣∣∣∣ b1, b2, . . . , bn are integers such that∑ni=1 bi(mi,F1, mi,F2, . . . , mi,Fℓ) ∈ Zℓ
}
generates Cl(X).
Now, we start to prove Theorem 7.1.
First, we shall prove (1). Let vF be the normalized valuation of the discrete
valuation ring OX,F for F ∈ H1(X). We put
RF =
⊕
r1,...,rn∈Z
{a ∈ K | vF (a) +
∑
i
rimi,F ≥ 0}tr11 tr22 · · · trnn
S = K[t±11 , t
±1
2 , . . . , t
±1
n ].
By definition, we have
R =

 ⋂
F∈H1(X)
RF

⋂S.(7.2)
Remark that RF satisfies R ⊂ RF ⊂ S. Let αF be a generator of the maximal ideal
of the discrete valuation ring OX,F . Then we have
{a ∈ K | vF (a) +
∑
i
rimi,F ≥ 0} = α−⌊
∑
i rimi,F ⌋
F OX,F ,
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where ⌊∑i rimi,F ⌋ is the largest integer which is not bigger than ∑i rimi,F .
Here, we show that RF is a Noetherian normal domain. If mi,F is an integer for
all i and F , then RF is a Noetherian normal domain since
RF =
⊕
r1,...,rn∈Z
α
−
∑
i rimi,F
F OX,F tr11 tr22 · · · trnn
= OX,F [(α−m1,FF t1)±1, (α−m2,FF t2)±1, . . . , (α−mn,FF tn)±1].
Suppose that mi,F ’s are rational numbers. We put
R
(qF )
F =
⊕
r1,...,rn∈Z
{a ∈ K | vF (a) +
∑
i
qF rimi,F ≥ 0}tqF r11 tqF r22 · · · tqF rnn .
Since qFmi,F ’s are integers, R
(qF )
F is a Noetherian normal domain. For a ∈ K,
atr11 t
r2
2 · · · trnn is integral over R(qF )F
⇐⇒ (atr11 tr22 · · · trnn )qF is integral over R(qF )F
⇐⇒ (atr11 tr22 · · · trnn )qF ∈ R(qF )F
⇐⇒ atr11 tr22 · · · trnn ∈ RF .
Therefore RF is the integral closure of R
(qF )
F in S. Hence RF is a Noetherian normal
domain.
Put
QF =
⊕
r1,...,rn∈Z
{a ∈ K | vF (a) +
∑
i
rimi,F > 0}tr11 tr22 · · · trnn .
Then QF is a prime ideal of RF satisfying
(7.3) PF = QF ∩R.
It is easy to see QF =
√
αFRF . Remark that QF is the unique height 1 homogeneous
prime ideal of RF . Furthermore, we have
(7.4) vQF (αF ) = qF and vQF (ti) = qFmi,F
for i = 1, 2, . . . , n, where vQF is the normalized valuation of the discrete valuation
ring (RF )QF . Let {Qλ | λ ∈ Λ} be the set of non-homogeneous height 1 prime ideals
of RF . Since RF is a Krull domain,
(7.5) RF = (RF )QF
⋂(⋂
λ∈Λ
(RF )Qλ
)
.
It is easy to see
(7.6) S = RF [α
−1
F ] =
⋂
λ∈Λ
(RF )Qλ.
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Therefore we have
R =

 ⋂
F∈H1(X)
RF

⋂S =

 ⋂
F∈H1(X)
(RF )QF

⋂S
=

 ⋂
F∈H1(X)
((RF )QF ∩Q(R))

⋂(S ∩Q(R))
by (7.2), (7.5) and (7.6). Since R is the intersection of discrete valuation rings with
finiteness condition (e.g., Section 12 in Matsumura [14]), we know that R is a Krull
domain. By Theorem 12.3 in [14], we know that the set of height one prime ideals
of R is contained in
{PF | F ∈ H1(X)} ∪ {Q ∩R | Q ∈ Spec(S), htQ = 1}.
The second assertion of (1) follows from the fact that any height 1 prime ideal Q of
S does not contain a non-zero homogeneous element of R.
Next, we shall prove (2). Remark that Q(R) coincides with Q(S) since
∑
i aiDi
is ample. We shall prove that RPF coincides with (RF )QF for any F ∈ H1(X). We
have RPF ⊂ (RF )QF by (7.3). In order to prove the opposite inclusion, it is enough
to show RF ⊂ RPF . LetMF be the set of homogeneous elements contained in R\PF .
We want to show RF ⊂ R[M−1F ]. In the case where all the mi,G’s are integers, it is
proved in the latter half of the proof of Theorem 1.1 in [6]. Here, put
q = LCM{qG | G ∈ H1(X)}.
Then R[M−1F ] contains R
(q)
F , where
R
(q)
F =
⊕
r1,...,rn∈Z
{a ∈ K | vF (a) +
∑
i
qrimi,F ≥ 0}tqr11 tqr22 · · · tqrnn .
Since R[M−1F ] is integrally closed in S and RF is integral over R
(q)
F , R[M
−1
F ] contains
RF . Thus we have
(7.7) RPF = (RF )QF .
Hence the set of height 1 homogeneous prime ideal of R(X ;D1, D2, . . . , Dn) coincides
with {PF | F ∈ H1(X)}. The latter assertion immediately follows from the first half.
Next, we shall prove (3). Let Div(X) be the set of Weil divisors on X , that is,
Div(X) =


∑
F∈H1(X)
nFF
∣∣∣∣∣∣ nF ∈ Z

 .
Let HDiv(R) be the set of homogeneous Weil divisors of R, that is,
HDiv(R) =


∑
F∈H1(X)
nFPF
∣∣∣∣∣∣ nF ∈ Z

 .
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Let
φ : Div(X) −→ HDiv(R)
be a map defined by
(7.8) φ(F ) = qFPF .
Here, we have an exact sequence
(7.9) 0 −→ Div(X) φ−→ HDiv(R) ϕ−→M/Zℓ −→ 0,
where ϕ is defined by ϕ(
∑
F nFF ) = (nF1/qF1 , nF2/qF2, . . . , nFℓ/qFℓ).
For a ∈ K× and b ∈ Q(R)×, we define
divX(a) =
∑
F∈H1(X)
vF (a)F, divR(b) =
∑
P∈H1(R)
vRP (b)P,
where H1(R) is the set of prime ideals of height 1 and vRP is the normalized valuation
of the discrete valuation ring RP . Then we have
Cl(X) = Div(X)/{divX(a) | a ∈ K×}
Cl(R) = HDiv(R)/{divR(b) | b is a non-zero homogeneous element of S}
by [18], [11]. Here, remark that, for a non-zero homogeneous element b of S, vRP (b) =
0 if P is a non-homogeneous prime ideal of R of height one. Put
P (X) = {divX(a) | a ∈ K×}.
By (7.4), (7.7) and (7.8), we have
φ(divX(a)) = divR(a)
for any a ∈ K×. Thus we have the following commutative diagram with exact rows:
(7.10)
0 −→ Ker(ξ) −→ Zn ξ−→ L −→ 0
↓ η′ ↓ η ↓ ζ
0 −→ Div(X)/P (X) φ−→ HDiv(R)/φ(P (X)) ϕ−→ M/Zℓ −→ 0,
where the exact sequence in the second row is induced by (7.9), ζ is induced by the
inclusion L →֒ M , η is defined by
η(ei) = divR(ti) =
∑
F∈H1(X)
qFmi,FPF ,
ξ is defined by
ξ(ei) = (mi,F1, mi,F2, . . . , mi,Fℓ).
Then the induced map η′ coincides with 0. Since the cokernel of η is Cl(R), we obtain
the exact sequence as in (7.1). We have completed the proof of Theorem 7.1. 
Let us prove Corollary 7.2. The map
L ∩ Zℓ −→ Cl(X)
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in (7.1) sends
n∑
i=1
bi(mi,F1 , mi,F2, . . . , mi,Fℓ) ∈ L ∩ Zℓ (b1, b2, . . . , bn ∈ Z)
to
n∑
i=1
bi

 ∑
F∈H1(X)
mi,FF

 = n∑
i=1
biDi.
Therefore Corollary 7.2 immediately follows from Theorem 7.1 (3). 
8. Demazure construction for Zn-graded Krull domains
The aim of this section is to develop the Demazure construction for Zn-graded
Krull domains.
For a Zn-graded domain A, A(0) denotes the homogeneous localization at 0, that
is, A(0) = A[M
−1], where M is the set consisting of all the non-zero homogeneous
elements of A. Remark that A(0) also has a structure of a Z
n-graded ring.
Lemma 8.1. Let A be a Zn-graded domain such that A0 is a field. Take a ∈
rel.int(C(A)) ∩Qn. Let N be the set of non-zero homogeneous elements with degree
on the half line R>0a, that is,
N =

 ⋃
b∈R>0a∩Zn
Ab

 \ {0}.
Then A[N−1] coincides with A(0).
Proof. Let M be the set consisting of all the non-zero homogeneous elements of A.
For any g ∈M , there exists u ∈ A such that gu is a homogeneous element contained
in N since a is in the relative interior of C(A). Then the assertion immediately
follows from 1/g = u/(gu). 
Definition 8.2. Let A be a Zn-graded domain such that A0 is a field. Take a ∈
C(A) ∩Qn. Assume that the ring
AR≥0a =
⊕
b∈R≥0a∩Zn
Ab
is Noetherian. We think that AR≥0a is a N0-graded ring. Then Proj(AR≥0a) is called
the projective variety on the ray R≥0a, and denoted by Xa.
If a ∈ rel.int(C(A)) ∩ Qn, the function field of Xa coincides with (A(0))0 by
Lemma 8.1. For any b ∈ C(A)∩Qn, the function field of Xb is contained in (A(0))0.
Therefore, for a ∈ rel.int(C(A))∩Qn and b ∈ C(A)∩Qn, there is a unique rational
map from Xa to Xb if the coordinate rings are Noetherian.
Lemma 8.3. Let A be a Zn-graded domain such that A0 is a field. Let a and b
be in C(A) ∩ Qn such that AR≥0a and AR≥0b are Noetherian. Assume that Jb(A)
contains Ja(A).
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(1) The function field of Xb is naturally contained in that of Xa.
(2) The unique rational map from Xa to Xb is a morphism of schemes.
Proof. Let M be the set consisting of all the non-zero homogeneous elements of A.
Let Na (resp. Nb) be the set consisting of all the non-zero homogeneous elements
of A with degree in R>0a (resp. R>0b). Then the function field of Xa (resp. Xb) is
(A[N−1a ])0 (resp. (A[N
−1
b ])0). Here, remark that both (A[N
−1
a ])0 and (A[N
−1
b ])0 are
contained in the field (A[M−1])0.
We may assume that Ia(A)
m ⊂ Ib(A) for some m ∈ N since AR≥0a is Noetherian.
Therefore there exist non-zero homogeneous elements b1, b2, . . . , bs with degree in
R>0b, and non-zero homogeneous elements c1, c2, . . . , cs such that
• deg(cibi) is in R>0a for i = 1, 2, . . . , s, and
• c1b1, c2b2, . . . , csbs generate an ideal of A containing Ia(A)m.
Then c1b1, c2b2, . . . , csbs generate an ideal of AR≥0a which contains (AR>0a)
m. There-
fore we have an affine covering
Xa =
s⋃
i=1
Spec
(
(AR≥0a[(cibi)
−1])0
)
.
Since
(AR≥0b[b
−1
i ])0 = (A[b
−1
i ])0 ⊂ (A[(cibi)−1])0 = (AR≥0a[(cibi)−1])0,
we have
(A[N−1b ])0 = Q((AR≥0b[b
−1
i ])0) ⊂ Q((AR≥0a[(cibi)−1])0) = (A[N−1a ])0.
The assertion (1) has been proved.
We have a morphism
Spec
(
(AR≥0a[(cibi)
−1])0
) −→ Spec ((AR≥0b[b−1i ])0) ⊂ Xb.
Patching together these morphisms, we obtain a morphism Xa → Xb. 
Definition 8.4. Let A be a Zn-graded domain such that A0 is a field. Let σ be a
ray ideal cone of A such that Aσ is Noetherian. Let a and b be in rel.int(σ) ∩ Qn.
Then, by Lemma 8.3, we have Xa = Xb. We denote this variety by Xσ, and call it
the variety of the ray ideal cone σ.
Example 8.5. Let k be a field.
(1) Let A = k[x, y, z] be a Z2-graded polynomial ring with deg(x) = (−1, 0),
deg(y) = (0, 1), deg(z) = (1, 1) and A0 = k. Then J(0,1)(A) ) J(−1,1)(A).
However, the morphism X(−1,1) → X(0,1) is an isomorphism.
(2) Let A = k[x, y, z, w, u] be a Z2-graded polynomial ring with deg(x) =
deg(y) = (1, 0), deg(z) = deg(w) = (0, 1), deg(u) = (1, 1) and A0 = k.
There exist just two maximal chambers R≥0(1, 0)+R≥0(1, 1) and R≥0(1, 1)+
R≥0(0, 1). Put a = (2, 1), b = (1, 1) and c = (1, 2). Since Jb(A) ⊃ Ja(A)
and Jb(A) ⊃ Jc(A), we have birational morphisms Xa → Xb and Xc → Xb.
We know Xb = Proj(k[xz, xw, yz, yw, u]). Then Xa → Xb is the blow-up
along V+(xz, yz), and Xc → Xb is the blow-up along V+(xz, xw).
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We shall prove the following theorem:
Theorem 8.6. Let A be a Zn-graded domain such that A0 is a field. Suppose that
dimC(A) = n. Then the following three conditions are equivalent:
(I) The ring A is a Krull domain such that (A(0))ei 6= 0 for i = 1, 2, . . . , n.
Furthermore, there exists a chamber σ of A satisfying the following two con-
ditions:
(a) The ray ideal Jσ has height bigger than 1.
(b) The ring Aσ is Noetherian.
(II) There exist a normal projective variety X over A0, Q-divisors D1, D2, . . . ,
Dn and c = (c1, c2, . . . , cn) ∈ Zn satisfying the following three conditions:
(a)
∑
i ciDi is an ample Cartier divisor.
(b) There exists a n-dimensional rational polyhedral cone ρ such that c ∈
int(ρ) and Aρ is Noetherian.
(c) The ring A is isomorphic to R(X ;D1, D2, . . . , Dn) as a Z
n-graded ring.
(III) There exist a normal projective variety X over A0, Q-divisors D1, D2, . . . ,
Dn and c = (c1, c2, . . . , cn) ∈ Zn satisfying the following three conditions:
(a)
∑
i ciDi is an ample Cartier divisor.
(b) There exists a positive integer b such that bD1, bD2, . . . , bDn are Cartier
divisors.
(c) The ring A is isomorphic to R(X ;D1, D2, . . . , Dn) as a Z
n-graded ring.
Remark 8.7. The variety X is not determined uniquely in Theorem 8.6. Let A be
the ring in Example 8.5 (2). Then A is equal to the multi-section ring of Xa, Xb
and Xc.
In the case where A is Noetherian, obviously we may remove the conditions (b)
in (I), and (b) in (II).
When we show (I)⇒ (III), we choose c which is contained in int(σ).
When we show (II) ⇒ (I), we choose σ such that σ contains c, but int(σ) may
not contain c.
When we show (II)⇒ (III), we sometimes need to change the variety X .
If dimX = 0, we think that any Q-divisor is 0, and 0 is an ample Cartier divisor
of X .
Using Lemma 8.1, it is easy to see that the following four conditions are equivalent:
• A = A0[t±11 , t±12 , . . . , t±1n ] with deg(ti) = ei for i = 1, 2, . . . , n,
• the above condition (I) is satisfied with Jσ = A,
• the above condition (II) is satisfied with dimX = 0,
• the above condition (III) is satisfied with dimX = 0.
Let us start to prove Theorem 8.6. Assume the condition (III). We shall prove
(II). By (b) in (III), there exists an n-dimensional rational polyhedral simplicial cone
ρ such that c ∈ int(ρ) and∑i bc′iDi is ample Cartier divisor for any (c′1, c′2, . . . , c′n) ∈
ρ ∩ Zn. Then, by Zariski’s theorem (Lemma 2.8 in Hu-Keel [8]), we know that Aρ
is Noeherian.
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Next, we shall prove (II) ⇒ (I). When dimX = 0, this implication follows as
in Remark 8.7. From now on, we assume dimX > 0. By Theorem 7.1 (1), A is a
Krull domain. By (a) in (II), we know (A(0))ei 6= 0 for i = 1, 2, . . . , n immediately.
Choose a chamber σ of Aρ such that
c ∈ σ ⊂ ρ.
Here, int(σ) need not contain c. Since Aσ = (Aρ)σ, Aσ is Noetherian by Remark 2.3
(3). By Proposition 2.4 (1), σ is also a chamber of A. Suppose that a height one
homogeneous prime ideal P of A contains Jσ. By Theorem 7.1 (2), there exists
F ∈ H1(X) such that P = PF . Take a = (a1, a2, . . . , an) ∈ int(σ) ∩ Zn such
that
∑n
i=1 aimi,G is an integer for any G ∈ H1(X). Since c ∈ σ and a ∈ int(σ),
a +mc ∈ int(σ) for any m ∈ N. Therefore Aa+mc ⊂ PF . On the other hand, since∑
i ciDi is ample and
∑n
i=1 aiDi is a Weil divisor with integer coefficients, it is easy
to see that Aa+mc 6⊂ PF for m≫ 0. Contradiction.
Next, we shall prove (I) ⇒ (III). We may assume Jσ 6= A by Remark 8.7.
Changing a coordinate, we may assume that the interior of the chamber σ contains
the unit vectors e1, e2, . . . , en. By Lemma 8.3, we have
Xe1 = Xe2 = · · · = Xen .
We denote this scheme by X . Then X is a normal projective variety of dimension
positive with function field (A(0))0 by Lemma 8.1. (If dimX = 0, then AR≥0e1 is one
dimensional N0-graded normal domain. It is easy to see that AR≥0e1 is a polynomial
ring over the field A0 with one variable. Hence Ie1(A) is a principal ideal. In
this case, Je1(A) is a unit ideal if the height of Je1(A) is bigger than 1.) Here,
we can choose 0 6= ti ∈ (A(0))ei for i = 1, 2, . . . , n by (I). Then, by the Demazure
construction [4], [19], there exists Q-divisors D1, D2, . . . , Dn of X such that
• there exists a positive integer b such that bD1, bD2, . . . , bDn are ample
Cartier divisors on X ,
• for x ∈ (A(0))0, m ∈ N and i = 1, 2, . . . , n,
xtmi ∈ Amei ⇐⇒ x ∈ H0(X,OX(mDi)).
BothA andR(X ;D1, D2, . . . , Dn) are Z
n-graded subrings ofA(0) = (A(0))0[t
±1
1 , t
±1
2 , . . . , t
±1
n ].
It is enough to show A = R(X ;D1, D2, . . . , Dn) as a subset of A(0). We denote
R(X ;D1, D2, . . . , Dn) simply by R.
By Proposition 2.4 (3), (R≥0)
n is a chamber of the Noetherian Zn-graded ring
A(R≥0)n . Let B be the subring of A(R≥0)n generated by
n⋃
i=1
[⋃
m>0
Amei
]
over A0. Then the inclusion B → A(R≥0)n is finite by Theorem 4.1. Therefore A(R≥0)n
is the integral closure of B in A(0). On the other hand, R is integrally closed in A(0)
by Theorem 7.1, and R(R≥0)n is integral over B by Zariski’s theorem (Lemma 2.8 in
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Hu-Keel [8]). Therefore we have
A(R≥0)n = R(R≥0)n .
Let y1, y2, . . . , yt be a homogeneous generating system of the homogeneous maximal
ideal of AR≥0(e1+e2+···+en). Here, for a subring T of A(0), we define the ideal transform
to be
Dy(T ) = {x ∈ A(0) | ym1 x, ym2 x, . . . , ymt x ∈ T for m≫ 0 }.
By definition, Dy(A(R≥0)n) contains A. Therefore we obtain Dy(A(R≥0)n) = Dy(A).
In the same way, we obtain Dy(R(R≥0)n) = Dy(R). Thus we have
Dy(A) = Dy(A(R≥0)n) = Dy(R(R≥0)n) = Dy(R).
By (I) (a), the ideal (y1, y2, . . . , yt)A is of height bigger than 1. Since A is a Krull
domain, we obtain Dy(A) = A. By Theorem 7.1 (2), (y1, y2, . . . , yt)R is of height
bigger than 1. Since R is a Krull domain by Theorem 7.1 (1), we obtain Dy(R) = R.
We have completed the proof of Theorem 8.6.
Example 8.8. Let A = k[x, y, z, w] be a Z2-graded polynomial ring over a field
A0 = k with deg(x) = (1, 0), deg(y) = (2, 0), deg(z) = (0, 1) and deg(w) = (0, 2).
Let σ be a 2-dimensional cone contained in
R≥0(1, 0) + R≥0(0, 1).
Then A and σ satisfy the condition (I) in Theorem 8.6. In this case, Xσ = P
1
k × P1k.
Letting
D1 =
1
2
({(1 : 0)} × P1k) and
D1 =
1
2
(
P1k × {(1 : 0)}
)
,
A is isomorphic to R(Xσ;D1, D2).
Let B = k[x, y, z, u, v] be a Z2-graded polynomial ring over a field k such that
deg(x) = (1, 0), deg(y) = (2, 1), deg(z) = (1, 1), deg(u) = (1, 2) and deg(v) = (0, 1).
We put
σ1 = R≥0(2, 1) + R≥0(1, 1), σ2 = R≥0(1, 1) + R≥0(1, 2).
Then both σ1 and σ2 satisfy the condition (I) in Theorem 8.6.
Next, we shall prove the following theorem:
Theorem 8.9. Let A be a Zn-graded domain such that A0 is a field. Suppose that
dimC(A) = n. Then the following three conditions are equivalent:
(I) The ring A is a Krull domain such that (A(0))ei 6= 0 for i = 1, 2, . . . , n.
Furthermore there exists a chamber σ of A satisfying the following two con-
ditions:
(a) For any height 1 prime ideal P containing Jσ, P contains Ja(A) for any
a ∈ int(C(A)) ∩Qn.
(b) The ring Aσ is Noetherian.
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(II) There exist a normal projective variety X over A0, Q-divisors D1, D2, . . . ,
Dn and c = (c1, c2, . . . , cn) ∈ Zn satisfying the following three conditions:
(a) c is in int(C(A)) and
∑
i ciDi is an ample Cartier divisor.
(b) There exists an n-dimensional rational polyhedral cone ρ such that c ∈
int(ρ) and Aρ is Noetherian.
(c) There exists a rational polyhedral cone τ such that the ring A is isomor-
phic to R(X ;D1, D2, . . . , Dn)τ as a Z
n-graded ring.
(III) There exist a normal projective variety X over A0, Q-divisors D1, D2, . . . ,
Dn and c = (c1, c2, . . . , cn) ∈ Zn satisfying the following three conditions:
(a) c is in C(A) and
∑
i ciDi is an ample Cartier divisor.
(b) There exists a positive integer b such that bD1, bD2, . . . , bDn are Cartier
divisors.
(c) There exists a rational polyhedral cone τ such that the ring A is isomor-
phic to R(X ;D1, D2, . . . , Dn)τ as a Z
n-graded ring.
Proof. First, we shall prove (III) ⇒ (II). Assume that (III) is satisfied. Then it is
easy to see that there exists c′ = (c′1, c
′
2, . . . , c
′
n) ∈ Zn such that c′ is in int(C(A))
and
∑n
i=1 c
′
iDi is an ample Cartier divisor. Then this implication will be proved in
the same way as in the proof of Theorem 8.6.
Next, we shall prove (II)⇒ (I). Put R = R(X ;D1, D2, . . . , Dn). By Theorem 8.6,
R satisfies the condition (I) in Theorem 8.6. Therefore there exists a chamber σ of
R such that the height of Jσ(R) is bigger than 1 and Rσ is Noetherian. We may
assume c = (c1, c2, . . . , cn) ∈ σ (cf. Remark 8.7). By (II) (a), c is in int(C(A)).
Replacing σ by σ ∩ C(A), we may assume that
σ ⊂ C(A) ⊂ τ.
Since A = Rτ , we have
A = R ∩ (R(0))τ .
In order to show that A is a Krull domain, it is enough to show that (R(0))τ is a
Krull domain. (The intersection of two Krull domains are Krull again.) Since τ is
an n-dimensional rational polyhedral cone, there exist a finite number of vectors b1,
b2, . . . , bm in Q
n such that
τ =
m⋂
i=1
{a ∈ Rn | (a, bi) ≥ 0}.
We may assume that τ ∩ {a ∈ Rn | (a, bi) = 0} is a face of τ of dimension n− 1 for
i = 1, 2, . . . , m. Here, we put
Ti =
⊕
a∈Zn, (a,bi)≥0
(R(0))a
and
Qi =
⊕
a∈Zn, (a,bi)>0
(R(0))a.
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Then Qi is a prime ideal of the ring Ti. Put Vi = (Ti)Qi. Then
Ti = R(0) ∩ Vi and (R(0))τ = R(0) ∩
(
m⋂
i=1
Ti
)
= R(0) ∩
(
m⋂
i=1
Vi
)
.
Since R(0) is Noetherian normal domain and Vi’s are discrete valuation rings, (R(0))τ
is a Krull domain. Hence A is a Krull domain. Here, we have
A = R ∩
(
m⋂
i=1
Vi
)
.
Let P be a height one prime ideal of A containing Jσ. Height one prime ideals which
come from R does not contain Jσ by the definition of σ. Thus there exists i such
that P = A ∩QiVi. Then
P =
⊕
a∈Zn, (a,bi)>0
Aa.
Thus P satisfies the condition (I) (a).
Next, we shall prove (I) ⇒ (III). If the height of Jσ is bigger than 1, this impli-
cation immediately follows from Theorem 8.6.
Assume hat ht Jσ = 1. Let P be a height one prime ideal containing Jσ. Then, by
the condition (I) (a), P contains Ia(A) for any a ∈ int(C(A))∩Qn. Since P contains
a non-zero homogeneous element and the height of P is one, P is a homogeneous
prime ideal. Put ν = C(A/P ). By the assumption, we have ν ∩ int(C(A)) = ∅.
Then we obtain
(8.1) (ν − ν) ∩ int(C(A)) = ∅.
We shall prove the following claim:
Claim 8.10. (1) The dimension of ν is n− 1.
(2) There exists 0 6= b ∈ Qn such that
A =
⊕
a∈Zn, (a,b)≥0
Aa and P =
⊕
a∈Zn, (a,b)>0
Aa.
First, we shall prove (1). Let s be the dimension of ν. By (8.1), we have s < n.
Assume that s < n− 1. Changing the basis of Zn, we may assume
ν − ν = Re1 + Re2 + · · ·+ Res.
Let
φ : Rn −→ Rn−s
be the projection defined by
φ((d1, d2, . . . , dn)) = (ds+1, ds+2, . . . , dn).
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By (8.1), we know that φ(C(A)) 6= Rn−s. Then there exists a non-zero vector 4
b′ ∈ Rn−s such that (a′, b′) ≥ 0 for any a′ ∈ φ(C(A)). Here, put
Ω = {φ(a) | a ∈ Zn, Aa 6= 0}
ΩP = {φ(a) | a ∈ Zn, 0 6= Aa ⊂ P}.
If Aa 6⊂ P , then a ∈ ν and φ(a) = 0. Thus we have Ω = ΩP ∪ {0}. Remark that
(8.2) ΩP generates φ(C(A)) as a cone
and
ΩP ⊂ Ω ⊂ φ(C(A)) ⊂ {a′ ∈ Rn−s | (a′, b′) ≥ 0}.
If φ(a) 6= 0, then Aa ⊂ P . Thus we have
P ⊃
⊕
a∈Zn, (φ(a),b′)>0
Aa.
Remark that the right-hand-side is a non-zero prime ideal of A. Since the height of P
is one, we know that P coincides with the right-hand-side. That is, for 0 6= q ∈ Aa,
(8.3) q ∈ P =⇒ (φ(a), b′) > 0 =⇒ φ(a) 6= 0 =⇒ q ∈ P.
Let x = x1 + x2 + · · · + xℓ be a non-zero element of A, where 0 6= xi ∈ Aci for
i = 1, 2, . . . , ℓ, and assume that c1, c2, . . . , cℓ are mutually distinct. Here, we define
ord(x) = min{(φ(ci), b′) | i = 1, 2, . . . , ℓ} ≥ 0
in(x) =
∑
(φ(ci),b′)=ord(x)
xi.
Then it is easy to see that, for non-zero elements x, y ∈ A, we have
ord(x) + ord(y) = ord(xy),
in(x) · in(y) = in(xy).
Let c′ be an element in Zn−s. We say that x is φ-homogeneous with φ-deg(x) = c′
if φ(ci) = c
′ for i = 1, 2, . . . , ℓ.
For 0 6= q ∈ A, we have
(8.4) q 6∈ P ⇐⇒ ord(q) = 0⇐⇒ in(q) is φ-homogeneous with φ-deg(in(q)) = 0
by (8.3).
Since AP is a discrete valuation ring, there exists π ∈ P such that PAP = πAP .
Take 0 6= y ∈ Aa ⊂ P . Since y ∈ PAP = πAP , there exists r ∈ N and z, w ∈ A \ P
such that
(8.5) zπr = wy.
Then we know that
(8.6) in(z) · in(π)r = in(w) · y.
4 The difficulty in this proof lies in that we have to find such a vector b′ contained in Qn−s.
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By (8.4), in(z) and in(w) are φ-homogeneous with φ-deg(in(z)) = φ-deg(in(w)) = 0.
Therefore in(π)r is φ-homogeneous with φ-deg(in(π)r) = φ(a). Then it is easy to
see that in(π) is φ-homogeneous and
φ-deg(y) = r · φ-deg(in(π)).
Thus we have
ΩP = {r · φ-deg(in(π)) | r ∈ N}.
It contradicts that dimφ(C(A)) = n− s ≥ 2 (cf. (8.2)).
Next we shall prove (2) of Claim 8.10. Since s = n− 1, we may assume that the
vector b′ in the proof of (1) is contained in Q1. Put b = (0, b′) ∈ Qn. Then we have
(φ(a), b′) = (a, b) for any a ∈ Rn. Hence we have
A =
⊕
a∈Zn, (φ(a),b′)≥0
Aa =
⊕
a∈Zn, (a,b)≥0
Aa,
P =
⊕
a∈Zn, (φ(a),b′)>0
Aa =
⊕
a∈Zn, (a,b)>0
Aa.
We have completed the proof of Claim 8.10.
Since A is a Krull domain, there exists only finitely many height one prime ideals
containing Jσ. Let {P1, P2, . . . , Pm} be the set of height one prime ideals of A
containing Jσ. By Claim 8.10 (2), there exist b1, b2, . . . , bm in Q
n such that
(8.7) A =
⊕
a∈Zn, (a,bi)≥0
Aa and Pi =
⊕
a∈Zn, (a,bi)>0
Aa
for i = 1, 2, . . . , m. We put
Ei =
⊕
a∈Zn, (a,bi)≥0
(A(0))a and Ui =
⊕
a∈Zn, (a,bi)>0
(A(0))a.
Since A ⊂ Ei and Pi = A ∩ Ui, we have APi ⊂ (Ei)Ui. Since APi is a discrete
valuation ring, we have APi = (Ei)Ui . In particular, we have
APi ⊃ Ei
for each i.
Choose a ∈ int(σ) ∩ Qn. Take a homogeneous generating system {y1, y2, . . . , yt}
of the ideal Ia(Aσ) with degree in R>0a. Consider the ideal transform Dy(A). By
definition, it is a Zn-graded ring. Let H1(A) be the set of height one prime ideals of
A . Since A is Krull, we have
A =
⋂
P∈H1(A)
AP
and
(8.8) Dy(A) =
⋂
P∈H1(A), P 6⊃(y)A
AP .
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Then we obtain
A = Dy(A) ∩
(
m⋂
i=1
APi
)
= Dy(A) ∩
(
m⋂
i=1
Ei
)
.
Here we define τ to be
(8.9) τ =
m⋂
i=1
{a ∈ Rn | (a, bi) ≥ 0}.
Then
A = Dy(A) ∩ (A(0))τ = Dy(A)τ .
Since
σ ⊂ C(A) ⊂ τ,
we know Dy(A)σ = Aσ, and it is Noetherian by (I) (b). By Proposition 2.4 (3), σ is a
chamber of Dy(A). By (8.8), there is no height one prime ideal of Dy(A) containing
Ja(Dy(A)) (cf. Theorem12.3 in [14]). Therefore Dy(A) satisfies the condition (I)
in Theorem 8.6. Then, by Theorem 8.6, there exist a normal projective variety X
over A0 and Q-divisors D1, D2, . . . , Dn satisfying conditions (a), (b) in (III) in
Theorem 8.6, and
Dy(A) = R(X ;D1, D2, . . . , Dn).
Therefore we have
A = R(X ;D1, D2, . . . , Dn)τ .
By Remark 8.7, the vector (c1, c2, . . . , cn) is in int(σ). Therefore (c1, c2, . . . , cn) is in
C(A).
We have completed the proof of Theorem 8.9. 
Example 8.11. Let A = k[x, y, z] be a Z2-graded polynomial ring with deg(x) =
(1, 0), deg(y) = (1, 1) and deg(z) = (0, 1). Then A does not satisfy the condition (I)
in Theorem 8.9.
Remark 8.12. Let A be a Zn-graded Noetherian normal domain such that A0 is
a field and (A(0))ei 6= 0 for i = 1, 2, . . . , n. Even if all the ray ideals of chambers
are of height less than 2, A is isomorphic to a section ring R(X ;D1, D2, . . . , Dn) as
follows.
By the map
Zn ≃ Zn × {0} →֒ Zn+1,
we think that A is a Zn+1-graded ring. Let ei be the ith unit vector in Z
n. Consider
the polynomial ring
B = A[x1, x2, . . . , xn+1, y1, y2, . . . , yn+1]
with deg(xi) = deg(yi) = (ei, 1) for i = 1, 2, . . . , n and deg(xn+1) = deg(yn+1) =
(−e1−e2−· · ·−en, 1). Let a be a point in Qn+1 sufficiently near (0, . . . , 0, 1). Then
Ja(B) contains x1x2 · · ·xn+1 and y1y2 · · · yn+1, and therefore the height of Ja(B) is at
least 2. Then there exists a chamber σ of B such that B and σ satisfy the condition
(I) in Theorem 8.6. Then there exist a normal projective variety X of dimX > 0
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and Q-divisors D1, D2, . . . , Dn+1 such that B is equal to R(X ;D1, D2, . . . , Dn+1).
Therefore A coincides with R(X ;D1, D2, . . . , Dn). In this case, X does not inherit
properties of the ring A as in the following example.
Let A = k[x] be a graded polynomial ring over an algebraically closed field k with
deg(x) = 1. Let X be a blow-up of a smooth projective variety over k at a closed
point. Let E be the exceptional divisor of X . Then we have A = R(X ;E).
References
[1] K. Altmann and J. Hausen, Polyhedral divisors and algebraic torus actions, Math. Ann.
334 (2006), 557–607.
[2] F. Berchtold and J. Hausen, GIT-equivalence beyond the ample cone, Michigan Math. J.
54 (2006), 483–515.
[3] S. D. Cutkosky, Symbolic algebras of monomial primes, J. reine angew. Math. 416 (1991),
71–89.
[4] M. Demazure, Anneaux gradue´s normaux, in Seminaire Demazure-Giraud-Teissier, Singu-
larites des surfaces, Ecole Polytechnique, 1979. Introduction a` la the´orie des singularite´s, II,
35–68, Travaux en Cours, 37, Hermann, Paris, 1988.
[5] I. V. Dolgachev, Automorphic forms and quasihomogeneous singularities. Func. Anal. Appl.
9 (1975), 149151.
[6] E. J. Elizondo, K. Kurano and K.-i. Watanabe, The total coordinate ring of a normal
projective variety, J. Algebra 276 (2004), 625–637.
[7] S. Goto, K. Nishida and K.-i. Watanabe, Non-Cohen-Macaulay symbolic blow-ups for
space monomial curves and counterexamples to Cowsik’s question, Proc. Amer. Math. Soc.
120 (1994), 38–392.
[8] Y. Hu and S. Keel, Mori dream spaces and GIT, Michigan Math J. 48 (2000), 331–348.
[9] C. Huneke, Hilbert functions and symbolic powers, Michigan Math. J. 34 (1987), 293–318.
[10] C. Huneke and I. Swanson, Integral Closure of Ideals, Rings, and Modules, London Math-
ematical Society Lecture Note Series 336, Cambridge University Press, 2006.
[11] Y. Kamoi and K. Kurano, On Chow groups of G-graded rings, Comm. Alg. 31 (2003),
2141-2160.
[12] K. Kurano The divisor class groups and the graded canonical modules of multi-section rings,
Nagoya Math J. 212 (2013), 139–157.
[13] A. Laface and M. Velasco, A survey on Cox rings, Geom Dedicata 139 (2009), 269–287.
[14] H. Matsumura, Commutative ring theory, Cambridge University Press, 1990.
[15] M. Nagata, On the 14-th Problem of Hilbert, Amer. J. Math. 81 (1959), 766–772.
[16] S. Okawa, On images of Mori dream spaces, Math. Ann. 364 (2016), 1315–1342.
[17] H. Pinkham, Normal surface singularities with C∗-action, Math. Ann. 227 (1977), 183193.
[18] P. Samuel, Lectures on unique factorization domains, Tata Inst. Fund. Res., Bombay, 1964.
[19] K.-i. Watanabe, Some remarks concerning Demazure’s construction of normal graded rings,
Nagoya Math. J. 83 (1981), 203–211.
Yusuke Arai
IBM Japan Services Company Ltd.
Nihonbashi, Chuo-ku,
Tokyo Hakozakicho 19-21, Japan
DEMAZURE CONSTRUCTION 37
Ayaka Echizenya
Department of Mathematics
Faculty of Science and Technology
Meiji University
Higashimita 1-1-1, Tama-ku
Kawasaki 214-8571, Japan
Kazuhiko Kurano
Department of Mathematics
Faculty of Science and Technology
Meiji University
Higashimita 1-1-1, Tama-ku
Kawasaki 214-8571, Japan
kurano@meiji.ac.jp
http://www.isc.ac.jp/~kurano
